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petitive predators, a two-zooplankton one-phytoplankton model with harvesting is pro-
posed and investigated. First, stability criteria of the model is analyzed both from local
and global point of view. Second, two types of zooplankton will competitively exclude each
other in the absence of harvesting with the zooplankton with the larger threshold persist-
ing. If harvest rates are discriminate, then a dominant zooplankton may occur depending
on the harvesting level. Thus, for some harvesting levels, the zooplankton one may persist
while for other harvesting levels zooplankton two may persist. Furthermore, the value of
the harvesting level and coexistence line are obtained when coexistence occur. Finally,
the impact of harvesting is mentioned along with numerical results to provide some sup-
port to the analytical ﬁndings.
 2011 Elsevier Inc. All rights reserved.1. Introduction
In marine ecology, the term plankton refers to the freely ﬂoating and weakly swimming organisms. There are two types of
plankton. The plant species, commonly known as phytoplankton, such as cyanophyta, bacillariophyta, chrysophyta and xan-
thophyta, are unicellular and microscopic in size. The animal species, namely zooplankton, such as moina, cyclops, brachi-
onus and tetrahymena phriformis, live on these phytoplankton. As we know, phytoplankton are not only the dominant
primary producers in the pelagic environment starting thereby most aquatic food webs (see Fig. 1), they render very useful
service by producing a huge amount of oxygen for human and other living animals after absorbing carbon-dioxide from sur-
rounding environments [1]. Phytoplankton production is responsible for approximately 40% of the global primary produc-
tivity. Hence the stocks of these tiny planktonic algae play a signiﬁcant role for marine reserves and ﬁshery management.
Aside from this role in aquatic food webs, some phytoplankton such as nori, kelp and eucheuma and some zooplankton such
as jellyﬁsh, krill and acetes are harvested for food.
During recent years, there have been considerable interests in the study of system between zooplankton and phytoplank-
ton [2–6]. Saha and Bandyopadhyay [3] considered a toxin producing phytoplankton–zooplankton model in which the toxin
liberated by phytoplankton species follows a discrete time variation. In [4], authors dealt with a nutrient-plankton model in
an aquatic environment in the context of phytoplankton bloom. In [5], the effect of seasonality and periodicity on plankton
dynamics is investigated. In [6], two plankton ecosystem models with explicit representation of viruses and virally infected
phytoplankton are presented. However little attention has been paid to study the model of one-phytoplankton and multi-
zooplankton. Zooplankton competition is a common interaction among different zooplankton species inhabiting the same. All rights reserved.
nce Foundation of China (11101305).
Fig. 1. The ocean’s food-chain.
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and other resources of the environment. Zooplankton competition plays an important role in natural ecosystems as well as in
industrial processes that employ mixed cultures. An example of such a process is the biological control of Red Tide breeding
natural predators of the HAB (a harmful algal bloom). A special type of zooplankton competition is pure and simple compe-
tition in which there is only one phytoplankton whose availability affects the growth rates of the populations and compe-
tition for this phytoplankton is the only interaction among zooplankton species. When two zooplankton species compete for
the same phytoplankton, the model with a one phytoplankton and two zooplankton are considered.
As we know, the harvesting policy impacts the phytoplankton–zooplankton system in various ways, but often by decreas-
ing their numbers, leading to a variety of implications for conservation like ﬁshing moratorium. Lv et al. [7] proposed and
investigated a phytoplankton–zooplankton model with harvesting which acts on all the population as an external added
morality as follows:dP
dt ¼ rP 1 Pk
  bPZaþP  c1EP;
dZ
dt ¼ b1PZaþP  dZ  qPZaþP  c2EZ:
(
ð1:1ÞIn model (1.1) the term qPZaþP describes the distribution of toxic substance which ultimately contributes to the death of zoo-
plankton populations. We remove this term and add another kind of zooplankton to compete phytoplankton with original
zooplankton. Furthermore we incorporate harvesting, yieldingdP
dt ¼ rP 1 Pk
  l1PZ1aþP  l2PZ2aþP  cEP;
dZ1
dt ¼ b1PZ1aþP  ðd1 þ c1EÞZ1;
dZ2
dt ¼ b2PZ2aþP  ðd2 þ c2EÞZ2:
8><>: ð1:2Þ
The following assumptions for model (1.2) are made:
(1) The variable P is the density of phytoplankton population, Z1 and Z2 are densities of two different zooplankton pop-
ulations at any instant of time t respectively. We assume that they subject to the non-negative initial condition
Pð0Þ ¼ P0 P 0; Z1ð0Þ ¼ Z10 P 0 and Z2ð0Þ ¼ Z20 P 0.
(2) The parameter r is the intrinsic growth rate and k is the environmental carrying capacity of phytoplankton population.
(3) The constat lið> 0Þ is the maximum uptake rate, bið> 0Þ denotes the ratio of biomass conversion (satisfying the obvi-
ous restriction 0 < bi < li) and dið> 0Þ is the natural death rate for zooplankton species i ði ¼ 1;2Þ.
(4) The term liPZiaþP represents the functional response for the grazing of phytoplankton by zooplankton iði ¼ 1;2Þ and a is
the half saturation constant for a Holling type II functional response [14].
(5) The constants cðP 0Þ; c1ðP 0Þ and c2ðP 0Þ are the catchability coefﬁcients (or harvest rates) of the three species,
respectively. The constat Eð> 0Þ is harvesting effort(or harvesting level).
Here we observe that, if bi < di, then
dzi
dt < 0. Hence, throughout our analysis, we assume that bi > di for i ¼ 1;2.
It is well known that there is an important principle in theoretical ecology: the competitive exclusion principle which
states that no two species can indeﬁnitely occupy the same ecological niche, assuming that it is understood what is meant
by ecological niche [8–11]. Some scholars even applied this principle to epidemic disease model [12,13]. Motivated by the
main idea described in [11–13], in this paper, evolutionary consequences of harvesting and the competitive exclusion prin-
ciple will be considered for model (1.2). The organization of this paper is as follows. Firstly, we give and describe our model
brieﬂy. Then we study the existence and stability of extinction equilibrium, boundary equilibria and coexistence equilibria in
Sections 2, 3 and 5. In addition, we discuss the competitive exclusion principle and the persistence in Section 4. Finally, evo-
lutionary consequences of harvesting and a brief conclusion in are given in Sections 6 and 7, respectively.
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For the purpose of avoiding that the total population of the system (1.2) declines to zero as time goes to inﬁnity, we ﬁrst
investigate the behavior of the extinction equilibrium in the following. It is easy to check that the system (1.2) possesses the
biological feasible equilibria F0ð0;0;0Þ for any parametric value. The stability of the equilibrium state is determined by the
nature of eigenvalues of the Jacobian matrix,J ¼
r  cE 2rPk  aðl1Z1þl2Z2ÞðaþPÞ2
l1P
aþP
l2P
aþP
b1aZ1
ðaþPÞ2
b1P
aþP  ðd1 þ c1EÞ 0
b2aZ2
ðaþPÞ2 0
b2P
aþP  ðd2 þ c2EÞ
0BBB@
1CCCA: ð2:1ÞFor F0ð0;0;0Þ, the characteristic equation is
r  cE k 0 0
0 ðd1 þ c1EÞ  k 0
0 0 ðd2 þ c2EÞ  k
0B@
1CA ¼ 0: ð2:2ÞRoots of Eq. (2.2) are k1 ¼ r  cE; k2 ¼ ðd1 þ c1EÞ < 0 and k3 ¼ ðd2 þ c2EÞ < 0. It is easy to verify k1 < 0 if rc < E. There-
fore F0ð0;0;0Þ is a stable node when the effort level exceeds the BTP (the ratio rc of the biotic potential (r) to the catchability
coefﬁcient c is known to be the biotechnical productivity (BTP) of the P species) of the phytoplankton.
In order to examine the global dynamic behavior of the equilibrium F0ð0;0;0Þ, we deﬁne a Lyapunov function:VðP; Z1; Z2Þ ¼ P þ l1b1
Z1 þ l2b2
Z2: ð2:3ÞIts derivative along solutions of (1.2) isdV
dt

ð1:2Þ
¼ ðr  cEÞP  rP
2
k
 l1ðd1 þ c1EÞ
b1
Z1  l2ðd2 þ c2EÞb2
Z2 6 Pðr  cEÞ  rP
2
k
:If r  cE < 0, then dVdt < 0. Further, the Lyapunov–Lasalle theorem implies that all solutions ultimately approach the equilib-
rium F0. So we have the following theorem.
Theorem 2.1. The extinction equilibrium F0ð0;0;0Þ is globally asymptotically stable if E > rc.Remark 2.1. In biological terms, one knows that over exploitation E > rc
 
would result in the extinction of all populations.
In view of Theorem 2.1, unless otherwise noted, we will assume in the rest of the paper that E < rc.
3. Boundary equilibria and coexistence equilibria
In this section, we give a qualitative analysis of system (1.2) when E < rc. From the standpoint of biology, we are only inter-
ested in the dynamics of model (1.2) in the closed ﬁrst octant R3þ. Thus, we consider the biologically meaningful initial con-
dition Pð0Þ ¼ P0 > 0; Z1ð0Þ ¼ Z10 > 0; Z2ð0Þ ¼ Z20 > 0. Regarding the boundedness of the solution for system (1.2) we state
the following lemma:
Lemma 3.1. Suppose that E < rc. Then all the solutions of system (1.2) with given initial conditions are positive for all t P 0.
Furthermore, all the solutions of system (1.2) with the positive initial conditions are uniformly bounded.Proof. From the ﬁrst equation of (1.2), it is obtained thatPðtÞ ¼ Pð0Þ exp
Z t
0
frð1 PðsÞ
k
Þ  l1Z1ðsÞ
aþ PðsÞ 
l2Z2ðsÞ
aþ PðsÞ  cEgds > 0:From the second and third equation of (1.2), it follows that Z0i P ðdi þ ciEÞZi. Then
ZiðtÞP Zið0ÞeðdiþciEÞt > 0:Deﬁne a Lyapunov function:MðtÞ ¼ P þ l1
b1
Z1 þ l2b2
Z2:Let d ¼minfd1 þ c1E; d2 þ c2Eg. We have
dM
dt
þ dM 6 k
4r
ðr  cEÞ2 , L > 0:
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dtÞ þMðPð0Þ; Z1ð0Þ; Z2ð0ÞÞedt ;thus as t ! þ1; 0 < M < Ld. Hence, by the deﬁnition of MðtÞ, it is known that there exists a constant M1 > 0 such that
PðtÞ 6 M1; Z1ðtÞ 6 M1 and Z2ðtÞ 6 M1 for t large enough. The proof is completed. h3.1. Boundary equilibria
In this subsection, we study the existence of boundary equilibria. Denote the threshold of prey byRp ¼ rcE : ð3:1ÞThen the system (1.2) has a zooplankton-eradication equilibrium F0 kðrcEÞr ;0;0
 
if Rp is above one.
Next, we discuss the existence of zooplankton one dominance equilibrium F1 P

1; Z

1;0
 
. IfE <
b1  d1
c1
¼: E1; ð3:2ÞthenP1 ¼
aðd1 þ c1EÞ
b1  d1  c1Eis positive. FurthermoreZ1 ¼
1
l1
r  r
k
P1  cE
 
aþ P1
 is positive ifr  r
k
P1  cE > 0:Combined with P1, we obtain a condition which is equivalent to the above inequality:kðr  cEÞ
r
>
aðd1 þ c1EÞ
b1  d1  c1E
: ð3:3ÞThat iskcc1E
2  ½kcðb1  d1Þ þ rc1ðkþ aÞEþ r½kðb1  d1Þ  ad1 > 0:Letf1ðEÞ ¼ kcc1E2  ½kcðb1  d1Þ þ rc1ðkþ aÞEþ r½kðb1  d1Þ  ad1: ð3:4Þ
Denote the two roots of f1ðEÞ ¼ 0 by E11 and E12. It is easy to compute thatD1 ¼ ½kcðb1  d1Þ þ rc1ðkþ aÞ2  4kcc1r½kðb1  d1Þ  ad1 > 0: ð3:5Þ
So f ðEÞ ¼ 0 has two real roots which are denoted byE11 ¼ ½kcðb1  d1Þ þ rc1ðkþ aÞ 
ﬃﬃﬃﬃﬃﬃ
D1
p
2kcc1
; E12 ¼ ½kcðb1  d1Þ þ rc1ðkþ aÞ þ
ﬃﬃﬃﬃﬃﬃ
D1
p
2kcc1
: ð3:6ÞObviously E11 < E12. From E11 þ E12 ¼ kcðb1  d1Þ þ rc1ðkþ aÞ > 0, one knows that at least one root of f1ðEÞ ¼ 0 is positive. We
claim that it is impossible that equation f1ðEÞ ¼ 0 has a unique positive root. Suppose that the claim is not valid. Then equa-
tion f1ðEÞ ¼ 0 has a unique positive root, denoting by E12. Hence Z1 > 0 holds proved that E > E12. From f1ðE1Þ < 0, it follows
that E1 < E12. But the necessary condition of P

1 > 0 is E < E
1 which contradict with E > E12. So equation f1ðEÞ ¼ 0 has two
positive roots. Then E11E12 > 0, that iskðb1  d1Þ  ad1 > 0: ð3:7Þ
Again from f1ðE1Þ < 0, we have E11 < E1 < E12.
In conclusion, when0 < E < E11 ð3:8Þ
hold, P1 and Z

1 are positive, that is, 1th zooplankton dominance equilibrium F1ðP1; Z1;0Þ exists.
1756 Y. Pei et al. / Applied Mathematical Modelling 36 (2012) 1752–1765Similarly, byE < E2 ¼: b2  d2
c2
; ð3:9Þ
D2 ¼ ½kcðb2  d2Þ þ rc2ðkþ aÞ2  4kcc2r½kðb2  d2Þ  ad2 > 0; ð3:10Þ
kðb2  d2Þ  ad2 > 0; ð3:11Þone knows that when0 < E < E21 ð3:12Þ
holds, 2nd zooplankton dominance equilibrium F2 P

2;0; Z

2
 
exists, where E21 is the smaller positive root of f2ðEÞ ¼ 0 withE21 ¼ ½kcðb2  d2Þ þ rc2ðkþ aÞ 
ﬃﬃﬃﬃﬃﬃ
D2
p
2kcc2
;
f2ðEÞ ¼ kcc2E2  ½kcðb2  d2Þ þ rc2ðkþ aÞEþ r½kðb2  d2Þ  ad2;
P2 ¼
aðd2 þ c2EÞ
b2  d2  c2E
; Z2 ¼
1
l2
r  r
k
P2  cE
 
ðaþ P2Þ:Furthermore, f2ðEÞ > 0 is implied thatkðr  cEÞ
r
>
aðd2 þ c2EÞ
b2  d2  c2E
: ð3:13Þ 
Theorem 3.1. Assume E < rc. Then system (1.2) has a zooplankton-free equilibrium F
0 kðrcEÞ
r ;0;0 . In addition, if (3.8) holds,
there exists zooplankton one dominance equilibrium F1 P

1; Z

1;0
 
. Similarly, if (3.12) holds, there exists zooplankton two
dominance equilibrium F2 P

2;0; Z

2
 
.
Next, for a well biological meaning, we deﬁne several thresholds. From (3.3) and (3.13), we deﬁne the threshold of ith
zooplankton byRi ¼ kðr  cEÞðbi  di  ciEÞraðdi þ ciEÞ ði ¼ 1;2Þ: ð3:14ÞCorollary 3.1. Assume Rp > 1. Then system (1.2) has a zooplankton-free equilibrium F0
kðrcEÞ
r ;0;0
 
. In addition, if R1 > 1 and
E < E1 hold, there exists zooplankton one dominance equilibrium F1ðP1; Z1;0Þ. Similarly, if R2 > 1 and E < E2 hold, there exists
zooplankton two dominance equilibrium F2 P

2;0; Z

2
 
.
From (3.14), we deﬁne two thresholds byR0i ¼ kðbi  diÞ=ðadiÞ ði ¼ 1;2Þ:
Obviously, R0i ¼ RijE¼0. Because Ri is a decreasing function of harvesting level E, it is obtained that R0i > Ri.
3.2. Coexistence equilibria
In the above subsection, three boundary equilibria are obtained which show that at least one zooplankton becomes ex-
tinct. Now in order to investigate the coexistence of three populations, let us consider the existence of the interior equilib-
rium point denoted by bP; bZ1; bZ2 . Coexistence equilibria, if such exist, must satisfy the following three equations:r 1 bPk 	 l1bZ 1aþbP   l2bZ 2aþbP  cE ¼ 0;
b1bP
aþbP  ðd1 þ c1EÞ ¼ 0;
b2bP
aþbP  ðd2 þ c2EÞ ¼ 0:
8>>>>><>>>>>:
ð3:15ÞFrom the second and third equation of (3.15), we obtain thatbP ¼ aðd1 þ c1EÞ
b1  d1  c1E
; bP ¼ aðd2 þ c2EÞ
b2  d2  c2E
:
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b1
d1 þ c1E ¼
b2
d2 þ c2E : ð3:16ÞHence the harvesting level that satisﬁes this equality is given byEc ¼ b2d1  b1d2b1c2  b2c1
;provided the expression on the right-hand side is positive. We will illustrate the area in the b1  b2 plane where Ec > 0 in
Fig. 4 and summarize the result in the following theorem.
Theorem 3.2. The harvesting level Ec for which coexistence may occur is positive, if and only ifmin
d2
d1
;
c2
c1

 
6 b2
b1
6max d2
d1
;
c2
c1

 
:If Ec > 0, there are inﬁnitely many coexistence equilibria as long as bP; bZ1 and bZ2 satisfy the following equation:
bP ¼ aðd1þc1EÞb1d1c1E ;
r 1 bPk 	 l1Z1aþbP  l2Z2aþbP  cEc ¼ 0:
8><>: ð3:17Þ
which is called coexistence line.
In fact, the coexistence occurs in the degenerate case R1 ¼ R2 which implies that E ¼ Ec . We conclude that if the system
(1.2) has differential mortality for the two species of zooplankton and/or if the harvesting rates for the two zooplankton indi-
viduals are differential, then there is a unique harvesting level E ¼ Ec for which coexistence may occur. Thus, coexistence
may occur, but it is rare. In general, coexistence does not occur in any other way.
The competitive exclusion principle is veriﬁed in the next section for the basic model (1.2).
4. Competitive exclusion principle and persistence
In this section, we ﬁrstly discuss the competitive exclusion principle for the competition system between two species of
zooplankton for a single phytoplankton species.
4.1. Competitive exclusion principle
In ecology, the competitive exclusion principle [15] sometimes referred to as Gause’s Law of competitive exclusion or just
Gause’s Law [16] is a proposition which states that two species competing for the same resources cannot coexist if other
ecological factors are constant. When one species has even the slightest advantage or edge over another, then the one with
the advantage will dominate in the long term. One of the two competitors will always overcome the other, leading to either
the extinction of this competitor or an evolutionary or behavioral shift towards a different ecological niche. The principle has
been paraphrased into the maxim ‘‘complete competitors cannot coexist’’.
In the following we assume positive initial data for all ZiðtÞði ¼ 1;2Þ. Setri ¼ di þ ciEbi
; and uiðtÞ ¼ 1bi
ln
ZiðtÞ
Zið0Þ þ rit ði ¼ 1;2Þ:By (3.14), we can get Ri ¼ kðrcEÞra 1ri  1
 
. Then the derivative of uiðtÞ along with system (1.2) isdui
dt
¼ P
aþ P and uið0Þ ¼ 0 ði ¼ 1;2Þ:In particular, u2 ¼ u1. Using the deﬁnition of ui we obtainZ2ðtÞ
Z2ð0Þ
1
b2
er2t ¼ Z1ðtÞ
Z1ð0Þ
1
b1
er1t: ð4:1ÞWithout restricting generality we assume that r1 ¼minðr1;r2Þ. Eq. (4.1) gives precise information on how the numbers
of two species of zooplankton develop relatively to each other. In particular, as Z1 is bounded, Z2 goes extinct exponentially if
r2 > r1. In addition, Ri decreases with respect to ri for i ¼ 1;2. So, we have
Theorem 4.1. The zooplankton Zi with the larger threshold Ri will competitively exclude the one Zj with the lower threshold Rj and
will dominate, where i; j ¼ 1 or 2 and i – j.
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Up to nowwe have only shown that the zooplankton with suboptimal threshold will die out, but we do not knowwhether
other zooplankton persists. This will depend on thresholds of two species of zooplankton. In summary we have shown:
Theorem 4.2. If threshold R1 > 1 and/or R2 > 1, then the zooplankton with the larger threshold persists and the other dies out.Proof. Without restricting generality, we assume that R1 > R2 and R1 > 1. Then by Theorem 4.1, Z2ðtÞ ! 0 as t !1. Suppose
thatZ1ðtÞ ! 0; for t !1:
Obviously, PðtÞ ! kðrcEÞr and PðtÞ < kðrcEÞr as t !1. ThusZ01ðtÞ
Z1ðtÞ !
b1kðr  cEÞ
raþ kðr  cEÞ  ðd1 þ c1EÞ > 0 as t !1:Hence Z1 grows exponentially for large t. This contradiction implies thatlim
t!1
sup Z1ðtÞ ¼ e1 > 0:Suppose thatlim
t!1
inf Z1ðtÞ ¼ 0:Then, for any 0 < e < e1, there exist sequences tm; sm !1 as m !1 such that
Z1ðtmÞ ¼ e; Z1ðtÞ 6 e; tm 6 t 6 tm þ sm:We can choose e > 0 so small for any d > 0, then there exists some s ¼ sðdÞ > 0 such thatPðtÞP kðr  cEÞ
r
 d; tm þ s 6 t 6 tm þ sm:By R1 > 1 and Proposition 1 we now choose g > 0 such thatb1kðr  cEÞ
raþ kðr  cEÞ  ðd1 þ c1EÞ ¼ g > 0:From the Z1 equation in (1.2) we obtain thatZ1ðtÞP eeðd1þc1EÞs;
andeP Z1ðtm þ smÞP eeðd1þc1EÞsegðsmsÞ:
This is a contradiction because sm !1 as m !1. h
From the above discussion, we know that an appropriate harvesting strategy ðE < r=cÞ should ensure the sustainability of
system (1.2). That is, the phytoplankton population or one of the zooplankton populations persists above a certain positive
level for sufﬁciently large time.
5. Stability of equilibria
From Section 3, one knows that coexistence equilibrium is rare and coexistence does not occur in any other way. So in this
section, focus will be on the stability of boundary equilibria.
First, we discuss the stability of the zooplankton-free equilibrium F0 kðrcEÞr ;0;0
 
. In terms of (2.1), the characteristic
equation of F0 isðr  cEÞ  k l1kðrcEÞraþkðrcEÞ l2kðrcEÞraþkðrcEÞ
0 b1kðrcEÞraþkðrcEÞ  ðd1 þ c1EÞ  k 0
0 0 b2kðrcEÞraþkðrcEÞ  ðd2 þ c2EÞ  k
0BBB@
1CCCA ¼ 0:It can be seen that roots of this equation are k1 ¼ ðr  cEÞ < 0; k2 ¼ b1kðrcEÞraþkðrcEÞ  ðd1 þ c1EÞ < 0 and k3 ¼ b2kðrcEÞraþkðrcEÞ 
ðd2 þ c2EÞ < 0 since R1 < 1 and R2 < 1. Therefore the equilibrium F0 is local asymptotically stable if R1 < 1 and R2 < 1.
Now in order to investigate the global stability of the zooplankton-free equilibrium F0, let us consider a positive deﬁnite
function:
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kðr  cEÞ
r
ln
P
kðrcEÞ
r
 !
þ vZ1 þwZ2;where v and w are positive constants to be chosen suitably. Therefore,_V jð1:2Þ ¼ P 
kðr  cEÞ
r
 	 _P
P
þ v _Z1 þw _Z2
¼ P  kðr  cEÞ
r
 	
r
k
kðr  cEÞ
r
 P
 	
 l1Z1 þ l2Z2
aþ P
 
þ vb1PZ1
aþ P þ
b2wPZ2
aþ P  vðd1 þ c1EÞZ1 wðd2 þ c2EÞZ2Þ:Now choosing v ¼ l1b1 and w ¼
l2
b2
,_V jð1:2Þ ¼  P 
kðr  cEÞ
r
 	2 r
k
þ kðr  cEÞ
rðaþ PÞ 
d1 þ c1E
b1
 
l1Z1 þ
kðr  cEÞ
rðaþ PÞ 
d2 þ c2E
b2
 
l2Z2
6  P  kðr  cEÞ
r
 	2 r
k
þ kðr  cEÞ
ra
 d1 þ c1E
b1
 
l1Z1 þ
kðr  cEÞ
ra
 d2 þ c2E
b2
 
l2Z2:LetRd1 ¼
kðr  cEÞb1
raðd1 þ c1EÞ ; R
d
2 ¼
kðr  cEÞb2
raðd2 þ c2EÞ : ð5:1ÞThen it follows that _V jð1:2Þ < 0 if Rd1 < 1 and Rd2 < 1. Obviously,R1 ¼ Rd1 
kðr  cEÞ
ra
and R2 ¼ Rd2 
kðr  cEÞ
ra
;then we have R1 < R
d
1 and R2 < R
d
2. Combined with the condition of the local asymptotically stability of F
0 : R1 < 1 and R2 < 1,
we get that equilibrium F0 is globally asymptotically stable if Rp > 1; R
d
1 < 1 and R
d
2 < 1. So one gets the following result.
Theorem 5.1. The zooplankton-free equilibrium F0 kðrcEÞr ;0;0
 
is globally asymptotically stable proved thatmax Rd1;R
d
2
n o
< 1 < Rp;where Rp > 1 is deﬁned by (3.1), R
d
1 and R
d
2 are deﬁned by (5.1).
By (5.1), we can get from Rd1 ¼ 1 and Rd2 ¼ 1E ¼ rðkbi  adiÞ
kcbi  raci
¼: Edi ; ði ¼ 1;2Þ: ð5:2ÞSince Ri < 1 is equivalent with fiðEÞ < 0, from f rc
 
< 0 and f ðEdi Þ < 0, then the conditions Rp > 1;Rd1 < 1 and Rd2 < 1 can be
rewritten equivalently asmax 0; Ed1; E
d
2
n o
< E <
r
c
: ð5:3ÞSo we obtain the following corollary.
Corollary 5.1. The zooplanktons-free equilibrium F0 kðrcEÞr ;0;0
 
is globally asymptotically stable if (5.3) holds.
Next, we will discuss the stability of zooplankton one dominance equilibrium F1ðP1; Z1;0Þ. In terms of (2.1), the charac-
teristic equation of F1 isr  cE 2rP1k 
al1Z

1
ðaþP1Þ2
 k l1P1aþP1
l2P1
aþP1
b1aZ

1
ðaþP1Þ2
k 0
0 0 b2P

1
aþP1
 ðd2 þ c2EÞ  k
0BBBB@
1CCCCA ¼ 0:That isk b2P

1
aþ P1
 ðd2 þ c2EÞ
 
 
k2  k r  cE 2rP

1
k
 l1aZ

1
ðaþ P1Þ2
" #
þ b1aZ

1l1P

1
ðaþ P1Þ3
( )
¼ 0:The ﬁrst eigenvalue is
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
1
aþ P1
 ðd2 þ c2EÞ:If k1 < 0, thend1 þ c1E
b1
<
d2 þ c2E
b2
: ð5:4ÞFor a well biological meaning, (5.4) can be written equivalently as:E > Ec ¼ b2d1  b1d2b1c2  b2c1
; if
d2
d1
<
b2
b1
<
c2
c1
ð5:5ÞorE < Ec ¼ b2d1  b1d2b1c2  b2c1
; if
c2
c1
<
b2
b1
<
d2
d1
: ð5:6ÞNow, let us consider the two other eigenvalues k2 and k3. Obviously,k2k3 ¼ b1aZ

1l1P

1
ðaþ P1Þ3
> 0:If
 k2 þ k3 ¼ r  cE 2rP1k 
l1aZ1
ðaþ P1Þ2
< 0;that iskðr  cEÞ
r
< 2P1 þ a; ð5:7Þthen k2 and k3 have negative real parts. So when (5.5) or (5.6) and (5.7) hold, zooplankton one dominance equilibrium F1 is
local asymptotically stable.
In order to investigate the global stability of F1, we ﬁrst demonstrate a proposition as follows.
Proposition 1. For system (1.2), the inequalities E < E11, (5.7) and  rkþ
l1Z

1
aðaþPÞ < 0 are equivalent tobE11 < E < E11; ð5:8Þ
here E11 and bE11 are deﬁned by (3.6) and (5.11).
Proof. It is easy to verify that kðrcEÞr < 2P

1 þ a and  rkþ
l1Z

1
aðaþPÞ < 0 are equivalent toh1ðEÞ ¼ kcc1E2  ½kcðb1  d1Þ þ rc1kEþ r½kðb1  d1Þ  ab1 < 0: ð5:9Þ
It is easy to compute thatD3 ¼ ½kcðb1  d1Þ þ rc1k2  4kcc1r½kðb1  d1Þ  ab1 > 0: ð5:10Þ
So h1ðEÞ ¼ 0 have two real roots bE11 and bE12 which are respectively denoted bybE11 ¼ ½kcðb1  d1Þ þ krc1  ﬃﬃﬃﬃﬃﬃD3p2kcc1 ; bE12 ¼ ½kcðb1  d1Þ þ krc1 þ
ﬃﬃﬃﬃﬃﬃ
D3
p
2kcc1
: ð5:11ÞFrom (3.4), it is clear that f1ðEÞ ¼ h1ðEÞ  rac1Eþ raðb1  d1Þ. So
f1ðE11Þ ¼ h1ðE11Þ  rac1E11 þ raðb1  d1Þ ¼ 0:By E < b1d1c1 ¼
: E1, we haveh1ðE11Þ ¼ ra½c1E11  ðb1  d1Þ < 0:
Hence bE11 < E < E11. The proof is completed. h
Now, we give the result of the global stability for F1.
Theorem 5.2
(I) If d2d1 <
b2
b1
< c2c1, then the zooplankton one dominance equilibrium point F1ðP

1; Z

1;0Þ is globally asymptotically stable proved
thatmaxfbE11; Ecg < E < E11:
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b2
b1
< d2d1, then the zooplankton one dominance equilibrium point F1ðP

1; Z

1;0Þ is globally asymptotically stable proved
thatbE11 < E < minfE11; Ecg:
Proof. Deﬁne a positive deﬁnite function:VðP; Z1; Z2Þ ¼ P  P1  P1 ln
P
P1
 	
þ l1ðaþ P

1Þ
ab1
Z1  Z1  Z1 ln
Z1
Z1
 	
þ l2
b2
Z2:Therefore,_V ¼ P  P1
  _P
P
þ l1ðaþ P

1Þ
ab1
ðZ1  Z1Þ
_Z1
Z1
þ l2
b2
_Z2
¼ P  P1
   r
k
P  P1
  l1ðaþ PÞ aþ P1  Z1  Z1  aþ P1  Z1ðP  P1Þ  l2Z2ðaþ PÞ
( )
þ l1 P  P

1
 
Z1  Z1
 
aþ P
þ l2Z2
P
aþ P 
d2 þ c2E
b2
 
¼ P  P1
 2  r
k
þ l1Z

1
ðaþ PÞ aþ P1
  !þ l2Z2 P1aþ P  d2 þ c2Eb2
 
6 ðP  P1Þ2 
r
k
þ l1Z

1
a aþ P1
  !þ l2Z2 P1a  d2 þ c2Eb2
 
6 P  P1
 2  r
k
þ l1Z

1
a aþ P1
  !þ l2Z2 d1 þ c1Eb1  d2 þ c2Eb2
 
:By (5.5) or (5.6) and Proposition 1, we have  rkþ
l1Z

1
aðaþPÞ < 0 and
d1þc1E
b1
 d2þc2Eb2 < 0. Thus _V < 0. Further, the Lyapunov–Lasalle
theorem implies that all solutions ultimately approach the equilibrium F1. The proof is complete. h
By symmetry, there is a dominance equilibrium that correspond to zooplankton two F2ðP2;0; Z2Þ, which has the same result.
Theorem 5.3
(I) If d2d1 <
b2
b1
< c2c1, then the zooplankton two dominance equilibrium point F2ðP

2;0; Z

2Þ is globally asymptotically stable proved
thatbE21 < E < minfE21; Ecg;
wherebE21 ¼ ½kcðb2  d2Þ þ krc2  ﬃﬃﬃﬃﬃﬃD4p2kcc2 ; D4 ¼ ½kcðb2  d2Þ þ rc2k2  4kcc2r½kðb2  d2Þ  ab2:
(II) If c2c1 <
b2
b1
< d2d1, then the zooplankton two dominance equilibrium point F2ðP

2;0; Z

2Þ is globally asymptotically stable proved
thatmaxfbE21; Ecg < E < E21:
The consequence of global stability is that exploitation will not irreversibly change the system. As long as the zooplankton
are not made extinct by excessive exploitation of their food supply, the system is able to recover. Once harvesting is stopped,
the system will asymptotically approach its natural equilibrium.
6. Impact of harvesting
It is important to note that the presence of harvesting can impact the outcome of the competition of two species of zoo-
plankton. Harvesting level may determine which species zooplankton dominates. For instance, assume without loss of gen-
erality, that in the absence of harvest (that is E ¼ 0) both thresholds R1 and R2 are above one, and also the threshold of the
ﬁrst zooplankton is larger than the threshold of the second zooplankton. In this case, according to Theorem 4.1, the ﬁrst type
of zooplankton will competitively exclude the second one and will dominate in the zooplankton population. As harvesting
level E increases, there are two possibilities which are illustrated in Figs. 2 and 3, respectively:
1. Zooplankton one threshold harvesting level is smaller than the coexistence harvesting level: E11 < Ec . In this case, as har-
vesting level E increases from zero, it ﬁrst exceeds E11. As soon as E < E11, the threshold R1 is larger and than one, this
means that the zooplankton one will dominate for those harvesting levels. For E > E11, the threshold of zooplankton
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Fig. 3. This ﬁgure shows graphs of thresholds R1; R2; R
d
1, and R
d
2 as functions of the harvesting level E. The harvesting level for which the two thresholds are
equal is Ec ¼ 2. The remaining parameters of the ﬁgure are: b1 ¼ 2; b2 ¼ 2; d1 ¼ 0:3; d2 ¼ 0:4; c1 ¼ 0:2; c2 ¼ 0:15; c ¼ 0:04; k ¼ 2; r ¼ 1; a ¼ 2.
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Fig. 2. This ﬁgure shows graphs of thresholds R1; R2; R
d
1, and R
d
2 as functions of the harvesting level E. The harvesting level for which thresholds R
d
1 and R
d
2,
and thresholds R1 and R2 are respectively equal, is Ec ¼ 1. The remaining parameters of the ﬁgure are: b1 ¼ 2; b2 ¼ 2; d1 ¼ 0:3; d2 ¼ 0:4;
c1 ¼ 0:4; c2 ¼ 0:3; c ¼ 0:04; k ¼ 1; r ¼ 1; a ¼ 2.
1762 Y. Pei et al. / Applied Mathematical Modelling 36 (2012) 1752–1765one becomes smaller than one. The threshold of zooplankton two is already smaller than one, as it is smaller than the
threshold of zooplankton one. Consequently, according to Theorems 4.1, 4.2, 5.1, two species of zooplankton disappear.
Harvest has eliminated two types of zooplankton. Particularly there is coexistence when E ¼ Ec. In addition, the zooplank-
ton-free equilibrium F0 kðrcEÞr ;0;0
 
is globally asymptotically stable for Ed2 < E <
r
c, which is illustrated in Fig. 2.
2. Two types of zooplankton threshold harvesting levels are larger than the coexistence one: E11 > Ec and E21 > Ec . In this
case, as the harvesting level increases from zero it ﬁrst becomes equal to the coexistence harvesting level, E ¼ Ec . When
E < Ec zooplankton one eliminates zooplankton two and dominates in the zooplankton population because we have
R1 > R2 (see Theorem 4.1). When E ¼ Ec , coexistence occurs. At this point, the thresholds of the two zooplanktons are
equal. As harvesting becomes slightly larger than the coexistence harvesting level, E11 > E > Ec , the threshold of the
zooplankton two becomes larger than the threshold of the zooplankton one, but they are both still larger than one,
R2 > R1 > 1. Theorems 4.1 and 4.2 imply that in this case zooplankton two will eliminate zooplankton one, and persist
in the population. Further increase in harvesting level will lead to the harvesting level increasing through E21, when
Y. Pei et al. / Applied Mathematical Modelling 36 (2012) 1752–1765 1763the threshold of zooplankton one becomes smaller than one, but there is no change in the dynamical outcome of the com-
petition. If the harvesting level continues to increase, it will become larger than the zooplankton two threshold harvesting
level, E > E21. At this point, the threshold of zooplankton two will also become smaller than one. Theorem 5.1 implies that
both zooplanktons will be eliminated and the phytoplankton–zooplankton population will become zooplankton-free.
Harvesting has eliminated the zooplankton provided it has not eliminated the phytoplankton population ﬁrst. In addition,
the zooplankton-free equilibrium F0 kðrcEÞr ;0; 0
 
is globally asymptotically stable for Ed2 < E <
r
c. We illustrate this situa-
tion in Fig. 3.Fig. 4. This ﬁgure shows the area in the ðb2;b1Þ plane for which there is coexistence, that is, for which Ec > 0. This area in the ﬁgure is shaded in light gray.
The lower boundary line is given by the line b2 ¼minfd2d1 ;
c2
c1
gb1. In the case of the ﬁgure above this line is given by the equation b2 ¼ 0:2b1. The upper
boundary line is given by the line b2 ¼max d2d1 ;
c2
c1
n o
b1. In the case of the ﬁgure above this line is given by the equation b2 ¼ 2b1. In the remaining part of the
positive quadrant Ec < 0, and coexistence does not occur.
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Fig. 5. (a) This ﬁgure shows the globally asymptotically stable of the extinction equilibrium F0. The remaining parameters of the ﬁgure are:
r ¼ 0:4; c ¼ 1; b ¼ 1; E ¼ 0:5; l ¼ 0:8; b1 ¼ 0:44; b2 ¼ 0:34; d1 ¼ 0:1; d2 ¼ 0:1; c1 ¼ 1; c2 ¼ 1; k ¼ 1:6; a ¼ 1. It is easy to verify rc ¼ 0:4. So we have
E > rc. Thus we show Theorem 2.1. (b) This ﬁgure shows the globally asymptotically stable of the zooplankton-free equilibrium F
0. The remaining parameters
of the ﬁgure are: r ¼ 6; c ¼ 0:1; b ¼ 0:5; E ¼ 21; l ¼ 0:15; b1 ¼ 0:2; b2 ¼ 0:14; d1 ¼ 0:3; d2 ¼ 0:2; c1 ¼ 0:1; c2 ¼ 0:1; k ¼ 10; a ¼ 1. It is easy to
compute that kðrcEÞr ¼ 6:5; Ed1 ¼ 10, and Ed2 ¼ 7:1. Thus the conditions of Theorem 5.1 are satisﬁed.
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One of the important demonstrations of this study is the evolutionary consequences and competitive exclusion of two
types of zooplankton under a single phytoplankton with the inﬂuence of harvesting. Firstly, we study the existence of extinc-
tion equilibrium and boundary equilibria, furthermore give stability criteria of the model both from local and global point of
view. The corresponding results are illustrated by the numerical simulation (for the extinction equilibrium in Fig. 5(a), and
for the zooplankton one dominance equilibrium point in Fig. 6(a)). Next, we investigate the possibility of coexistence which
is demonstrated on the ðb2; b1Þ plane in Fig. 4. When coexistence condition (3.16) is satisﬁed, Fig. 7(a) and (b) displays
respectively coexistence phenomenons and lines in which all points are coexistence equilibria. In addition, we discuss the
competitive exclusion principle and the persistence. Finally, evolutionary consequences of harvesting are given. From those0
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Fig. 6. (a) This ﬁgure shows the globally asymptotically stable of the zooplankton two dominance equilibrium point F2. The remaining parameters of the
ﬁgure are: r ¼ 8; c ¼ 0:1; b ¼ 1; E ¼ 0:5; l ¼ 0:75; b1 ¼ 0:3; b2 ¼ 0:28; d1 ¼ 0:1; d2 ¼ 0:06; c1 ¼ 0:1; c2 ¼ 0:1; k ¼ 1:6; a ¼ 1. It is easy to verify
c2
c1
¼ 1; b2b1 ¼ 0:93;
d2
d1
¼ 0:6; kðrcEÞðb2d2c2EÞrab2 ¼ 0:96 < 1; Ec ¼ 5 and E2 ¼ 2:47. So this set of parameter values satisﬁes the global asymptotic stability
conditions of F2ð0:65;0;10:35Þ. Thus we show Theorem 5.3. (b) This ﬁgure shows a stable cycle of the zooplankton two dominance equilibrium point F2. The
remaining parameters of the ﬁgure are: r ¼ 8; c ¼ 0:1; b ¼ 1; E ¼ 0:1; l ¼ 0:75; b1 ¼ 0:94; b2 ¼ 0:84; d1 ¼ 0:1; d2 ¼ 0:06; c1 ¼ 0:1; c2 ¼ 0:1;
k ¼ 1:6; a ¼ 1. It is easy to compute that kðrcEÞðb2d2c2EÞrab2 ¼ 1:46 > 1. Therefore, the zooplankton two dominance equilibrium point F2ð0:13;8:30;0Þ is
unstable. From the numerical simulation, we note that the system (1.2) has a stable cycle.
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Fig. 7. (a) Coexistent quasi-periodic solution, where r ¼ 8; k ¼ 3; c1 ¼ 0:1; E ¼ 0:1; a ¼ 1; b ¼ 1; b1 ¼ 0:4; b2 ¼ 0:8; c2 ¼ 0; c3 ¼ 1; m ¼ 0:45;
d ¼ 0:2; d1 ¼ 0:3, (b) coexistence circle k ¼ 1:6 and other parameters are same as (a).
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selection on them. If in the absence of harvesting, the type of zooplankton with the higher biomass conversion ratio and the
lower natural death rate persists in the zooplankton populations and excludes the other type, harvesting may lead to the
persistence of the type of zooplankton with the lower biomass conversion ratio and the higher natural death rate.
It is to be deserved that (1) changing harvesting levels may lead to the coexistence of the two zooplankton populations in
a rare case, but conventional wisdom in models may suggest that stable coexistence of different types of zooplankton occurs;
(2) one knows from this article that when harvesting level E is small, the dynamic behavior of system (1.2) has not been stud-
ied. It is worthwhile for us to study this case in the future work from the theorematic idea. Here we only illustrate the
dynamical behavior of the system (1.2) by numerical simulation. Fig. 6(b) illustrates that the system (1.2) has a stable cycle
trajectory which is such that any small perturbation from the trajectory decays to zero with time. That is, when harvesting E
crosses a threshold value minfbE21; Ecg or minfbE11; Ecg, the phytoplankton–zooplankton model system enters into a hopf
bifurcation and we have a periodic orbit around the zooplankton two dominance equilibrium point F2.
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